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Prospects for Elasticity Reconstruction
in the Heart
Matthew O’Donnell, Fellow, IEEE, and Andrei R. Skovoroda
Abstract—The elastic moduli in anisotropic media can
be estimated using either direct mechanical or sound speed
measurements. Here we compare moduli in the passive
heart estimated with diﬀerent methods and demonstrate
that high-frequency (i.e., ultrasonic) sound speed measurements are inconsistent with static deformations and lowfrequency shear wave results. Both tissue ﬁxation and the
high-operating frequency of ultrasonic measurements contribute to these discrepancies. Moreover, the precision of
ultrasonic sound speed measurements required to estimate
elastic moduli describing static deformations of a nearly incompressible anisotropic medium such as the heart appears
to be beyond the scope of current methods. We conclude
that an incompressible anisotropic elastic model is appropriate for elasticity reconstruction in the heart, in which
three independent constants characterize small strain behavior, but four are needed for a fully nonlinear description
of ﬁnite deformations.

tic properties of a transversely orthotropic medium in the
limit of incompressibility to reconcile the large diﬀerences
in elastic moduli computed from ultrasonic and direct mechanical measurements. Our ultimate goal is to develop
an elastic model appropriate for elastic modulus reconstruction in the heart using multidimensional ultrasonic
strain and strain rate images. We start with a review of
the elastic properties of both isotropic and transversely
orthotropic media.

II. Isotropic Medium
For isotropic materials, Hook’s law takes the following
simple form relating the stress tensor, σ, to the symmetric
strain tensor, ε:

I. Introduction
σij = λθδij + 2µεij , i, j, = 1, 2, 3,
o date, there have been limited studies of ultrasonic
elasticity imaging in anisotropic media. With the advent of ultrasonic strain rate imaging of the heart, the
problem of elastic modulus reconstruction in anisotropic
media needs to be explored in more detail. Previous
studies from two research communities have approached
anisotropy quite diﬀerently.
In a classic set of papers, the anisotropic elastic properties of the passive (i.e., unperfused, nonbeating) heart
have been analyzed using static force-deformation experiments and ﬁnite-element modeling [1]–[3]. These studies
showed that the unperfused heart could be modeled as an
incompressible, anisotropic medium with three independent elastic moduli describing the small strain (i.e., linear)
behavior.
An alternate approach models the passive heart as a
compressible, transversely orthotropic medium and uses
ultrasonic wave speed measurements to estimate the ﬁve
independent elastic moduli [4]–[7]. The results of these
studies diﬀer by several orders of magnitude from those
presented in [1]–[3]. In this paper, we explore the elas-
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(1)

where λ and µ are Lame coeﬃcients representing the two
independent elastic moduli fully describing the medium’s
elastic properties. Subscripts for both stress and strain refer to Cartesian coordinates. And, θ is the trace of the
strain matrix, representing the divergence of the displacement vector.
To simplify later calculations for anisotropic materials,
deﬁne a reduced notation for stress and strain tensors:


σ1
σ2

σ3

σ4

σ5
σ6


= σ11

= σ22


= σ33

= σ13 = σ31 

= σ23 = σ32 
= σ12 = σ21


ε1
ε2

ε3

ε4

ε5
ε6


= ε11

= ε22


= ε33
.
= ε13 = ε31 

= ε23 = ε32 
= ε12 = ε21

(2)

With this notation, Hook’s law takes the following matrix form:


 

σ1
λ + 2µ λ
λ
0 0 0
σ2   λ λ + 2µ λ
0 0 0

  
σ3   λ
λ λ + 2µ 0 0 0 

 =
σ4   0
0
0
2µ 0 0 

  
σ5   0
0
0
0 2µ 0 
σ6
0
0
0
0 0 2µ

 
ε1
ε2 
 
ε3 
 .
ε4 
 (3)
ε5 
ε6

These relations can be summarized as σ = Cε, where
C is the elastic modulus matrix. The full set of equations
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reduces to two independent 3 × 3 matrix equations for
longitudinal (Cl ) and shear (Cs ) components:


 

σ1
λ + 2µ λ
λ
σ2  =  λ λ + 2µ λ 
σ3
λ
λ λ + 2µ
  
  
σ4
2µ 0 0
ε4
σ5  =  0 2µ 0  ε5  .
σ6
ε6
0 0 2µ

 
ε1
ε 2  ,
ε3

(4)

(5)

The incompressibility condition is a constraint on the
strain, speciﬁcally the trace of the strain matrix. Consequently, we also must express the strain in terms of the
stress to deﬁne the proper limits on elastic moduli for incompressible media. To solve for the strain, Hook’s law
must be inverted (i.e., ε = C−1 σ), where C−1 is the inverse of the elastic modulus matrix (i.e., compliance). For
shear terms, the inversion is trivial. For longitudinal terms,
the inverse of the 3 × 3 matrix Cl is:


2(λ + µ) −λ
−λ
1 
−1
−λ 2(λ + µ) −λ  ,
Cl =
(6)
∆
−λ
−λ 2(λ + µ)
where ∆ is the determinant of Cl divided by the common
factor 2µ, and is given by:
∆ = 2µ(3λ + 2µ).

(7)

This expression can be further reduced into a more familiar
form by noting that the Young’s modulus E can be deﬁned
in terms of the Lame constants as:
E=

µ(3λ + 2µ)
,
(λ + µ)

(8)

and Poisson’s ratio ν can be deﬁned similarly in terms of
the Lame constants as:
ν=

λ
.
2(λ + µ)

C−1
=
l

ﬁned as the z (i.e., i = 3) axis—can be written in terms of
ﬁve independent elastic moduli:


0
0
C11 C12 C13 0
C12 C11 C13 0

0
0


C13 C13 C33 0

0
0

.
C=

0
 (11)
 0 0 0 2C44 0

 0 0 0
0 2C44
0
0 0 0
0
0 (C11 − C12 )
Note that the i = 1, 2 dimensions are isotropic and, consequently, C11 can be recognized as equivalent to (λ + 2µ),
C12 equivalent to λ, and (C11 − C12 ) equivalent to 2µ.
Consequently, the ﬁve independent elastic moduli for this
symmetry group are [λ, µ, C13 , C33 , C44 ], the longitudinal
elastic matrix Cl can be written as:


λ + 2µ λ C13
C1 =  λ λ + 2µ C13  ,
(12)
C13
C13 C33
and the shear elastic matrix Cs can be written as:


2µ13 0 0
Cs =  0 2µ13 0  ,
0
0 2µ

(13)

where µ13 = C44 is an alternate notation often used for
the transverse-axial shear modulus. This means the longitudinal elastic properties can be characterized fully by the
four independent moduli [λ, µ, C13 , C33 ].
To solve for the strain, Hook’s law must be inverted
(i.e., ε = C−1 σ), where C−1 is the inverse of the elastic
modulus matrix. For shear terms, the inversion is again
trivial. For longitudinal terms, the inverse of the 3 × 3
matrix Cl is:


α11 −α12 −α13
1
−α12 α11 −α13  ,
C−1
=
(14)
l
∆
−α13 −α13 α33

(9)
where the matrix elements are deﬁned as:


2
∆ = 4µ C33 (λ + µ) − C13
,

Given these deﬁnitions, C−1
reduces to:
l
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2
α11 = C33 (λ + 2µ) − C13
,



1 −ν −ν
1 
−ν 1 −ν  .
E
−ν −ν 1

(10)

Consequently, for an isotropic compressible medium, the
longitudinal elastic properties can be fully characterized by
two sets of complementary parameters: [λ, µ] or [E, ν] [8].

2
α12 = C33 λ − C13
,
α13 = C13 (λ + 2µ − λ) = 2µC13 ,

α33 = (λ + 2µ)2 − λ2 = 4µ(λ + µ).
Similar to the isotropic case, the matrix elements can be
related to equivalent Young’s moduli and Poisson’s ratios
such that C−1
becomes:
l

III. Transversely Orthotropic Medium
The elastic modulus matrix for a medium with transversely orthotropic symmetry—as would be found in a
muscle ﬁber, for instance, in which the ﬁber axis is de-

(15)

C−1
l

 1 −ν −ν 
12
13
E1
E3 
 E1
 −ν12 1 −ν13 
,
=
 E1
E1
E3 
 −ν −ν
1 
13
13
E3
E3
E3

(16)
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where
E1
E3
ν12
ν13

= ∆/α11 ,
= ∆/α33 ,
= α12 /α11 ,
= α13 /α33 .

(17)

Consequently, for a transversely orthotropic compressible medium, the longitudinal elastic properties also can
be characterized fully by the four independent parameters
[E1 , E3 , ν12 , ν13 ].
In the next section we explore how these equations can
be reduced for the case of incompressible media. Note that
we will not consider the degenerate case where ∆ = 0 for
a transversely orthotropic medium. This is a very special
case that will not happen for normal elastic materials considered in biomechanics. In the limit of a transversely orthotropic medium approaching an isotropic medium (i.e.,
C13 → λ, C33 → λ + 2µ), ∆ is nonzero.

Under the restriction of a small deformation (i.e., linear
elasticity) the incompressibility condition is:
(18)

This condition does not depend on the details of the applied stress and simply is the diﬀerential form of volume
conservation (i.e., ∆V = 0). For an isotropic material, applying this condition to the strain using ε = C−1 σ and
(10) for the inverse elastic modulus matrix yields the following equation for θ:
1
[σ11 (1 − 2ν) + σ22 (1 − 2ν) + σ33 (1 − 2ν)] = 0,
E
3(1 − 2ν)
(19)
θ=
σ = 0,
E

θ=

where σ = [σ11 +σ22 +σ33 ]/3 is the mean internal pressure.
This means that ν = 1/2 to ensure that θ = 0 for an
arbitrary load.
Imposing (18), the limits of the elastic moduli can be
explored using the relations between the Lame constants
and the Young’s modulus and Poisson’s ratio:
λ=

νE
E
, µ=
.
(1 + ν)(1 − 2ν)
2(1 + ν)

(20)

For an incompressible medium, ν → 1/2, µ → E/3, λ →
∞, and, according to (19) and (20), the product λθ equals
σ, usually deﬁned as the scalar pressure P . Therefore, (1)
for an incompressible medium reduces to:
σij = P δij + 2µεij , i, j, = 1, 2, 3,

θ=

α33 − 2α13
α11 − α12 − α13
(σ11 + σ22 ) +
σ33 = 0.
∆
∆
(22)

Deﬁne the two new variables:
Q1 = (C13 − λ) ,
Q2 = [C33 − (λ + 2µ)] .

(23)

Note that for an isotropic material Q1 = Q2 = 0. Using these new variables and the deﬁnitions of the inverse
elastic modulus matrix components, the terms in the incompressibility condition of (22) take the form:
α11 − α12 − α13 = 2µ(2µ + Q2 − Q1 ),
α33 − 2α13 = 4µ(µ − Q1 ),

IV. Incompressible Media

θ = ε11 + ε22 + ε33 = 0.

according to (20) and (21), only one material parameter
(µ or E, where E = 3µ) is needed to describe the behavior
of an isotropic incompressible medium, but in this case we
have the additional scalar unknown P .
Let us repeat the analysis for an incompressible transversely orthotropic medium. If ∆ = 0, from (14) and (15),
the incompressibility condition can be expressed as:

(21)

where P = lim(λθ) when λ → ∞ and θ → 0. Note that µ
must be ﬁnite to ensure a ﬁnite shear elastic matrix, which
means that the Young’s modulus also must be ﬁnite. Thus,

∆ = 4µ[λ(3µ + Q2 − 2Q1 ) + (2µ2 + µQ2 − Q21 )]. (24)
Therefore, we can conclude that the incompressibility
condition is satisﬁed for any σ11 , σ22 , and σ33 if λ → ∞
while µ, Q1 , and Q2 are ﬁnite. In this case, the longitudinal
terms reduce to:
σ11 = P + 2µε11 + Q1 ε33 ,
σ22 = P + 2µε22 + Q1 ε33 ,
σ33 = P + 2µε33 + Q1 (ε11 + ε22 ) + Q2 ε33 ,

(25)

where P = lim(λθ) when θ → 0. These formulas are the
stress-strain relations for an incompressible transversely
orthotropic medium, in which the elastic behavior is fully
characterized by the four material constants [µ, µ13 , Q1 ,
Q2 ] and the scalar pressure P .
The longitudinal elastic properties of a compressible,
transversely orthotropic medium also can be fully described by the Young’s moduli and the Poisson’s ratios, in
which there is a one-to-one correspondence between these
parameters and the elastic moduli of Hook’s law:
2
)/δ,
λ = E1 (E3 ν12 + E1 ν13
2
µ = E1 [E3 (1 − ν12 ) − 2E1 ν13
]/2δ,
C13 = E1 E3 ν13 (1 + ν12 )/δ,

C33 =

E32 (1

−

(26)

2
ν12
)/δ,

2
δ = (1 + ν12 )[E3 (1 − ν12 ) − 2E1 ν13
].

Similarly, the two elastic moduli deﬁned above to simplify notation for an incompressible medium are:
2
Q1 = (C13 − λ) = E1 [E3 (ν13 + ν12 ν13 − ν12 ) − E1 ν13
]/δ,
2
2
Q2 = [C33 − (λ + 2µ)] = [E32 (1 − ν12
) − E1 E3 + E12 ν13
]/δ.
(27)
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Using these alternate deﬁnitions, the incompressibility
condition of (22) becomes:
θ=
[(1−ν12 )/E1 −ν13 /E3 ](σ11 +σ22 )+(1−2ν13)σ33 /E3 = 0.
(28)

These expressions have diﬀerent behavior when r → 0
for diﬀerent values of (4E3 − E1 ). If (4E3 − E1 ) = 0 from
(31) the elastic moduli become:
E3 E1
→ ∞,
2r(E3 C + 2E1 S)
E1 E3
µ→
,
(4E3 − E1 )
E3 E1 [E3 (1 − 4t) + 3E1 t]
,
Q1 →
(4E3 − E1 )(E3 + 2E1 t)
2E3 (2E32 − E1 E3 − E12 t)
,
Q2 →
(4E3 − E1 )(E3 + 2E1 t)

λ≈

For this equation to be satisﬁed for an arbitrary load
(i.e., arbitrary σ11 , σ22 , or σ33 ), the following two conditions must be satisﬁed simultaneously:
ν13 =

1
E1
, v12 = 1 −
.
2
2E3

(29)

Note if the medium is isotropic, then E1 = E3 = E,
and these two conditions lead to ν13 = ν12 = ν = 12 . For
normal materials found in biomechanics, the requirement
ν > 0 seems to be valid. This requirement is automatically
satisﬁed for the limit value of ν13 = 12 , but for the limit
E1
value of ν12 = 1 − 2E
only if E1 ≤ 2E3 .
3
Using the Young’s moduli and Poisson’s ratios to describe a transversely orthotropic material, it appears that
the requirement of medium incompressibility reduces the
number of material parameters needed to describe longitudinal components to two: [E1 , E3 ]. Unfortunately, (29)
cannot be directly used in the stress-strain relations. Also,
note that δ is zero for this case, signaling that the conversion between the two sets of elastic moduli presented in
(23) is not deﬁned. Therefore, the limit behavior of coefE1
ﬁcients in (26) and (27) when (ν12 , ν13 ) → 1 − 2E
, 12
3
needs some additional consideration.
To consider the limit case of incompressibility, use
the local cylindrical system of coordinates in the plane
E1
, 12 . That is, assume
(ν12 , ν13 ) with the center 1 − 2E
3
that:
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(32)

where t = S/C = tan(α).
In contrast, if (4E3 − E1 ) = 0, from (31) we have:
4E3 [(C + 4S) − 4rS 2 ]
→ ∞,
rC[(C + 8S) − 8rS 2 ]
2E3
→ ∞,
µ=−
rC
2E3 [(C + 8S) + 2rS(C − 4S)]
Q1 = −
→ ∞,
rC[(C + 8S) − 8rS 2 ]
E3 [2(C + 8S) − r(16S 2 − C 2 )]
Q2 =
→ ∞.
rC[(C + 8S) − 8rS 2 ]
λ=

(33)

Note that if (4E3 − E1 ) = 0 for an incompressible
medium, from (30) ν12 = −1 and µ = ∞. From (33)
we conclude that, if (4E3 − E1 ) = 0, the set of parameters (E1 , E3 , ν12 , ν13 ) cannot be used to derive the
stress-strain relation for an incompressible transversely orthotropic medium. If (4E3 −E1 ) = 0, the last terms in (32)
have ﬁnite values when r → 0. These values, however, depend on the angle α in the (ν12 , ν13 ) plane, which was
E1
used to reach the limit point (ν12 , ν13 ) = 1 − 2E
, 12 .
3
E1
1
Therefore, in general, the limit case of an incompressible
ν12 = 1 −
− rC, ν13 = − rS,
(30)
2E3
2
transversely orthotropic medium cannot be described using (29) and material parameters [E1 , E3 ]. This fact can
where C = cos(α), S = sin(α). If a medium is nearly in- lead to the mistaken conclusion that a transversely orcompressible, the value of r is small, and for incompressible thotropic medium cannot be incompressible. The correct
medium the limit r → 0 must be evaluated.
conclusion seems to be that the stress-strain relations in
Using (26), (27), and (30), for small r we obtain:
an incompressible transversely orthotropic medium gener2
δ = r[(4E3 − E1 )−2rCE3 ][(E3 C +2E1 S)−2E1 rS ]/2E3, ally cannot be described using only a total of three independent material parameters. The angle α [or parameter
2
)/δ
λ = E1 (E3 ν12 + E1 ν13
t used in (32)] is the fourth material parameter needed
E3 E1 [(4E3 − E1 ) − 4r(E3 C + E1 S) + 4r2 E1 S 2 ]
to describe the complete stress-strain relation. As shown
=
,
below, however, in many physically realizable cases, an in2r[(4E3 − E1 ) − 2rCE3 ][(E3 C + 2E1 S) − 2E1 rS 2 ]
compressible, transversely orthotropic material can be well
2
µ = E1 [E3 (1 − ν12 ) − 2E1 ν13 ]/2δ
characterized using only three elastic moduli.
E1 E3
,
=
[(4E3 − E1 ) − 2rCE3 ]
(31) V. Approximating Incompressible Transversely
Q = E [E (ν + ν ν − ν ) − E ν 2 ]/δ
1

1

=

3

13

12 13

12

1 13

E3 E1 {[E3 (C − 4S) + 3E1 S] + 2rS(E3 C − E1 S)}
,
[(4E3 − E1 ) − 2rCE3 ][(E3 C + 2E1 S) − 2E1 rS 2 ]

2
2
Q2 = [E32 (1 − ν12
) − E1 E3 + E12 ν13
]/δ

=

2E3 [(2E32 C − E1 E3 C − E12 S) + r(E12 S 2 − E32 C 2 )]
.
[(4E3 − E1 ) − 2rCE3 ][(E3 C + 2E1 S) − 2E1 rS 2 ]

Orthotropic Media
Using an isotropic material as the limit case, we can
approximate the proper angle to derive a one-to-one correspondence between the complementary descriptions of
an incompressible, transversely orthotropic medium. The
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relations in (31) must contain the relations for an incompressible, isotropic medium as a limit case. For this case,
(31) reduces to:
λ ≈ E/2r(C + 2S),
µ ≈ E/3,
Q1 ≈ E(C − S)/3(C + 2S),
Q2 ≈ 2E(C − S)/3(C + 2S).

(34)

From (34) we can conclude that, for an isotropic
medium as r → 0, (34) reduces to λ → ∞, µ = E/3,
Q1 = 0, and Q2 = 0 if C = S (i.e., t = 1). Now, keep this
condition for an anisotropic medium. With this limitation
we can rewrite (32) in the form:

TABLE I
Elastic Moduli of Passive Dog Myocardium Estimated for
Direct Mechanical Measurements Assuming an
Incompressible Medium (adapted from [2], [3]).
Modulus

Value (kPa)

Q1
Q2
µ13
µ

0
13.1
3.2
1.4

this limitation be justiﬁed using force-deformation measurements on the material of interest.

λ → ∞,
E1 E3
,
(4E3 − E1 )
3E3 E1 (E1 − E3 )
Q1 →
,
(4E3 − E1 )(E3 + 2E1 )
2E3 (E1 − E3 )(E1 + 2E3 )
Q2 → −
.
(4E3 − E1 )(E3 + 2E1 )

VI. Discussion

µ→

(35)

Therefore, if (4E3 − E1 ) = 0, the stress-strain relations
for an incompressible, transversely orthotropic medium become:
2E1 E3
3E1 E3 (E1 − E3 )
ε11 +
ε33 ,
(4E3 − E1 )
(4E3 − E1 )(E3 + 2E1 )
2E1 E3
3E1 E3 (E1 − E3 )
=P+
ε22 +
ε33 ,
(4E3 − E1 )
(4E3 − E1 )(E3 + 2E1 )
2E1 E3
=P+
ε33
(4E3 − E1 )
3E1 E3 (E1 − E3 )
+
(ε11 + ε22 )
(4E3 − E1 )(E3 + 2E1 )
(36)
2E3 (E1 − E3 )(E1 + 2E3 )
−
ε33 ,
(4E3 − E1 )(E3 + 2E1 )
= 2µ13 ε13 ,
= 2µ13 ε23 ,
2E1 E3
=
ε12 .
(4E3 − E1 )

σ11 = P +
σ22
σ33

σ13
σ23
σ12

These formulas can be considered as stress-strain relations for transversely orthotropic, incompressible medium,
written using the second set of material parameters.
Clearly, only three material parameters (E1 , E3 , µ13 ) are
needed, where again we have the additional scalar unknown P . Expressions (36) contain (21) as a limit case for
isotropic medium when E1 = E2 = E and µ13 = µ. Note
also that (4E3 −E1 ) = 0 if ν12 > 0, i.e., if E1 ≤ 2E3 . At the
same time, we must remember that (36) was obtained using the strong assumption C = S. Unfortunately for highly
anisotropic materials, this assumption is not obvious and
must be considered as an additional strong limitation. To
describe the elastic behavior of an incompressible, transversely orthotropic medium using (36), it is necessary that

Guccione et al. [2], [3] computed three independent
elastic moduli for the passive heart based on optimal
ﬁts to force-deformation measurements in intact dog myocardium. Their model was incompressible and should
have produced four independent elastic moduli. Nonlinear, least-squares ﬁts, however, were optimized by setting
one of the coeﬃcients to zero (Q1 in our notation). Taking the small strain limit of their nonlinear, constitutive
relations, and converting to our notation, the four independent moduli estimated from their results are summarized
in Table I.
These values represent the zero strain limits of the nonlinear, constitutive relations and should be considered the
lower bound on the magnitude of the moduli in the linear
elastic regime.
Recent work in transient elastography has investigated
shear wave speeds at very low propagation frequencies
(100 Hz) to estimate anisotropy in the shear elastic moduli of striated muscle [9]. Measurements in the human biceps exhibited anisotropy (a factor of 4 in wave speed,
representing a factor of 16 in the shear elastic moduli)
greater than that reported in myocardium, but the magnitude of the shear modulus (µ = 9 kPa) is consistent
with the results reported in Table I, given that these measurements were obtained with the muscle loaded (i.e., not
in the zero strain limit for this highly nonlinear material).
Overall, both low frequency shear wave and static deformation measurements strongly suggest that all elastic moduli
describing static deformation of the passive heart in the
linear regime should be on the order of 10 to 20 kPa.
In materials characterization, elastic moduli in an
anisotropic material are often estimated from ultrasonic
sound speed measurements. These moduli then are used
to describe static deformations of the material. Similar
methods have been applied to the passive heart to produce estimates of anisotropic cardiac elastic moduli [4]–[7].
Measurements of ultrasonic sound speeds at high frequencies (5 MHz) in formalin-ﬁxed human myocardium produce values for the ﬁve elastic moduli of a transversely
orthotropic, compressible model, as presented in Table II.
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TABLE II
Elastic Moduli of Passive Dog Myocardium Estimated from
Ultrasonic Velocity Measurements Assuming a Compressible
Medium (adapted from [4]–[7]).
Modulus

Value (GPa)

C11
C33
C13
C44
C66

2.462
2.527
2.445
9.0 × 10−3
8.5 × 10−3

Note that the shear elastic moduli are more than three
orders of magnitude greater than those estimated using either low-frequency shear wave or static deformation measurements. Formalin ﬁxation clearly contributes to the difference; previous studies noted that ﬁxation can increase
the static shear modulus by at least an order of magnitude [10]. Also, measurements of shear properties at high
frequencies are very hard to extrapolate to low frequencies
given the highly dispersive nature of shear wave propagation in soft tissue [11].
Using these values, the equivalent elastic moduli of an
incompressible model can be computed. An incompressible
model should yield reasonable results as ν13 is 0.4975 for
these parameters, closely approximating the incompressible value of 0.5. The two moduli Q1 and Q2 describing
anisotropies in the longitudinal elastic matrix are:
Q1 = (C13 − λ) = (C13 − C11 + C66 )
= (2.445 − 2.462 + 0.0085) GP a
= −0.0085 GP A = −8.5 M P a.
Q2 = (C33 − C11 ) = (2.527 − 2.462) GP a
= 0.065 GP a = 65.00 M P a.

Both static deformation experiments and ultrasonic
sound speed measurements conﬁrm that the passive heart
can be modeled as an incompressible material. This assumption was justiﬁed originally over 20 years ago by Vossoughi et al. [12] and has helped improve the accuracy of
multidimensional, ultrasonic speckle tracking algorithms
[13]–[15]. More recent studies suggest that, even in the perfused heart, volume conservation at the regional level is a
good approximation [16]. Assuming both incompressibility
and modulus values derived from measurements during diastole, reconstructed strains diﬀer from true values by at
most 10% in peak systole. Given the large dynamic range
in cardiac elastic moduli due to pathological processes, a
10% error from model imperfection seems like a very small
price to pay to gain the signal-to-noise ratio beneﬁts of incompressibility processing.
However, a complete description of cardiac elastic behavior must include anisotropic moduli in which four independent constants are required theoretically for an incompressible, transversely orthotropic medium, but three independent constants appear adequate to model small strain
behavior. Note that the ratio of Q2 to µ is nearly an order
of magnitude; consequently, signiﬁcant reconstruction errors will result if a single elastic modulus (i.e., E or µ) is
assumed. The model of cardiac mechanics originally proposed by Guccione et al. [3] uses three parameters similar
to E1 , E3 , and µ13 to describe small strain behavior, and
four parameters to describe nonlinear behavior. The strain
energy potential W for this model written in terms of the
orthotropic coordinate axes is:
W =

(37)

Note that Q1 is negative. If C11 were 2.4535 GPa, representing a 0.35% change in the modulus (0.17% change
in the sound speed), then Q1 would be zero, matching
the static results. As noted in [4], ultrasonic wave speed
measurements on well controlled tissue samples are precise
only to about 0.20%. Consequently, it is virtually impossible to yield a reasonable estimate of Q1 using these parameters. Similarly, because computation of Q2 requires
the diﬀerence in elastic moduli computed directly from
wave speed measurements, the error in this parameter is
nearly 40%. With this level of error, it is nearly impossible to judge the relative contributions of diﬀerent elastic
moduli let alone the absolute magnitudes. And, to estimate Q2 from the longitudinal wave speed to a precision
of 10 kPa, the speed must be measured to a precision of
about two parts per million. This is beyond the scope of
conventional ultrasonic measurements on soft tissue samples. Consequently, it is very diﬃcult, and virtually impossible in most cases, to accurately compute elastic moduli
from ultrasonic sound speed measurements that describe
static soft tissue deformations.

327

C
2

(eQ − 1),

Q = bf (ε233 ) + bi (ε233 + ε222 + 2ε212 ) + 2bf s (ε213 + ε223(38)
).
where C, bf , bi , and bf s are the four independent material
constants. Elasticity reconstruction algorithms based on
ultrasonic strain and strain rate measurements in the heart
must produce the spatial distribution of these parameters.
Also, any elasticity imaging algorithm also must reconstruct the orientation of the ﬁber axis (i.e., orthotropic
coordinate axis) at every position within the heart with
respect to the absolute coordinate frame used for deformation analysis and modulus reconstruction.

VII. Summary
Elastic moduli in the passive heart estimated by different methods were compared. Moduli obtained from ultrasonic sound speed measurements are inconsistent with
those obtained by static deformation and low-frequency
shear wave methods. Both tissue ﬁxation and the highoperating frequency of ultrasonic measurements contribute
to these discrepancies. Moreover, the precision of ultrasonic sound speed measurements required to estimate elastic moduli describing static deformations of a nearly incompressible, anisotropic medium such as the heart appears to be beyond the scope of current methods. We

328

ieee transactions on ultrasonics, ferroelectrics, and frequency control, vol. 51, no. 3, march 2004

conclude that an incompressible, anisotropic elastic model
is appropriate for elasticity reconstruction in the heart,
in which three independent constants characterize small
strain behavior, but four are needed for a fully nonlinear
description of ﬁnite deformations.

[15] K. Kaluzynski, S. Y. Emelianov, A. R. Skovoroda, and M.
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tracking,” IEEE Trans. Ultrason., Ferroelect., Freq. Contr., vol.
48, pp. 1111–1123, 2001.
[16] K. D. May-Newman, J. H. Omens, R. S. Pavelec, and A. D. McCulloch, “Three dimensional transmural mechanical interaction
between the coronary vasculature and the passive myocardium
in the dog,” Circula. Res., vol. 74, no. 6, pp. 1166–1178, 1994.

Acknowledgments
Helpful conversations with Jim Miller at Washington
University in St. Louis, MO, Andrew McCulloch at the
University of California in San Diego, CA, and Stas
Emelianov at the University of Texas in Austin, TX, are
gratefully acknowledged.

References
[1] A. D. McCulloch, B. H. Smaill, and P. J. Hunter, “Left ventricular epicardial deformation in isolated arrested dog heart,” Amer.
J. Phys., vol. 252, pp. H233–H241, 1987.
[2] J. M. Guccione, A. D. McCulloch, and L. K. Waldman, “Passive
material properties of intact ventricular myocardium determined
from a cylindrical model,” J. Biomech. Eng., vol. 113, pp. 42–55,
1991.
[3] J. M. Guccione, K. D. Costa, and A. D. McCulloch, “Finite element stress analysis of left ventricular mechanics in the beating
dog heart,” J. Biomech., vol. 28, no. 10, pp. 1167–1177, 1994.
[4] E. D. Verdonk, S. A. Wickline, and J. G. Miller, “Anisotropy
of ultrasonic velocity and elastic properties in normal human
myocardium,” J. Acoust. Soc. Amer., vol. 92, no. 6, pp. 3039–
3050, 1992.
[5] B. K. Hoﬀmeister, S. M. Handley, E. D. Verdonk, S. A. Wickline,
and J. G. Miller, “Estimation of the elastic stiﬀness coeﬃcient
C13 of ﬁxed tendon and ﬁxed myocardium,” J. Acoust. Soc.
Amer., vol. 97, no. 5, pp. 3171–3176, 1995.
[6] B. K. Hoﬀmeister, S. E. Gehr, and J. G. Miller, “Anisotropy of
the transverse mode ultrasonic properties of ﬁxed tendon and
ﬁxed myocardium,” J. Acoust. Soc. Amer., vol. 99, no. 6, pp.
3826–3836, 1996.
[7] B. K. Hoﬀmeister, S. M. Handley, S. A. Wickline, and J. G.
Miller, “Ultrasonic determination of the anisotropy of Young’s
modulus of ﬁxed tendon and ﬁxed myocardium,” J. Acoust. Soc.
Amer., vol. 100, pp. 3933–3940, 1996.
[8] L. D. Landau and E. M. Lifshitz, Theory of Elasticity. 3rd ed.
Oxford, UK: Butterworth-Heinemann, 1986, ch. 1, pp. 1–37.
[9] J. L. Gennisson, S. Catheline, S. Chaﬀai, and M. Fink, “Transient elastography in anisotropic medium: Application to the
measurement of slow and fast shear wave speeds in muscle,” J.
Acoust. Soc. Amer., vol. 114, no. 1, pp. 536–541, 2003.
[10] S. Y. Emelianov, M. A. Lubinski, A. R. Skovoroda, R. Q.
Erkamp, S. F. Leavey, R. C. Wiggins, and M. O’Donnell, “Reconstructive elasticity imaging for renal transplant diagnosis:
Kidney ex vivo results,” Ultrason. Imag., vol. 22, pp. 178–194,
2000.
[11] E. L. Madsen, H. J. Sathoﬀ, and J. Zagzebski, “Ultrasonic
shear wave properties of soft tissues and tissuelike materials,” J.
Acoust. Soc. Amer., vol. 74, no. 5, pp. 1346–1355, 1983.
[12] J. Vossouji, R. N. Vaishnac, and D. J. Patel, “Compressibility
of the myocardial tissue,” Adv. Bioeng., American Society of
Mechanical Engineers, pp. 45–48, 1980.
[13] M. A. Lubinski, S. Y. Emelianov, K. R. Raghavan, A. E. Yagle,
A. R. Skovoroda, and M. O’Donnell, “Lateral displacement estimation using tissue incompressibility,” IEEE Trans. Ultrason.,
Ferroelect., Freq. Contr., vol. 43, pp. 247–255, 1996.
[14] A. R. Skovoroda, M. A. Lubinski, S. Y. Emelianov, and M.
O’Donnell, “Nonlinear estimation of the lateral displacement
using tissue incompressibility,” IEEE Trans. Ultrason., Ferroelect., Freq. Contr., vol. 45, pp. 491–503, 1996.

Matthew O’Donnell (M’79–SM’84–F’93)
received B.S. and Ph.D. degrees in physics
from the University of Notre Dame, Notre
Dame, IN, in 1972 and 1976, respectively.
Following his graduate work, Dr. O’Donnell
moved to Washington University, St. Louis,
MO, as a postdoctoral fellow in the Physics
Department working on applications of ultrasonics to medicine and nondestructive testing.
He subsequently held a joint appointment as a
Senior Research Associate in the Physics Department and a Research Instructor of Medicine in the Department
of Medicine at Washington University. In 1980 he moved to General
Electric Corporate Research and Development Center in Schenectady, NY, where he continued to work on medical electronics, including MRI and ultrasound imaging systems. During the 1984–1985
academic year, he was a visiting fellow in the Department of Electrical Engineering at Yale University, New Haven, CT, investigating
automated image analysis systems. In a bold move during 1990, Dr.
O’Donnell became a professor of Electrical Engineering and Computer Science at the University of Michigan, Ann Arbor, MI. Since
1997, he has held a joint appointment as Professor of Biomedical Engineering at Michigan, and in 1998 he was named the Jerry W. and
Carol L. Levin Professor of Engineering. Currently, he is the Chair
of the Biomedical Engineering Department.
His most recent work has explored new imaging modalities in
biomedicine, including elasticity imaging, in vivo microscopy, optoacoustic arrays, optoacoustic contrast agents, microwave-induced ultrasonic imaging, and catheter-based devices.

Andrei R. Skovoroda received the B.S.
and M.S. degrees in mathematics and mechanics in 1973 and 1975, respectively, from
the Novosibirsk State University, Novosibirsk,
Russia (formerly USSR), and the Ph.D. degree in 1985 from the Moscow State University, Moscow, Russia (formerly USSR).
From 1975 to 1977 he was a lecturer in
theoretical mechanics at the College of Textile Technology, Barnaul, USSR. From 1977 to
1980 he was a Ph.D. researcher at the subfaculty of Plasticity of the Moscow State University, where he worked on the dynamic behavior of plates under blasttype loading. In 1981 he held an appointment as a junior research associate at the Laboratory of Mathematical Modeling of the Research
Computing Center of the USSR Academy of Sciences, Pushchino,
Russia, (the present name, Institute of Mathematical Problems of
Biology, Russian Academy of Sciences), where he developed eﬃcient
mathematical methods to solve the diﬀerential equations of the theory of elasticity. In 1986 he became a senior research associate and
was Scientiﬁc Secretary at the same Institute from 1988 to 1993. He
was Head of the Laboratory of Mathematical Problems in Biomechanics and worked on the biomechanics of soft tissue in the late
1990s. From 1991 through his untimely death in 2003, Dr. Skovoroda
was also a Visiting Research Scientist in the Biomedical Ultrasonics
Lab at the University of Michigan, Ann Arbor, MI.
Dr. Skovoroda authored and co-authored more than 90 articles
for archival publications and papers presented at All-Union and International meetings.

